Imaging an electron beam with visible light is a common method of diagnostics applied to electron accelerators. It is a straightforward way to deduce the transverse electron distribution as well as its changes over time. The electrons stored in the Synchrotron Ultraviolet Radiation Facility (SURF) III at the National Institute of Standards and Technology (NIST) were studied over an extended period of time to characterize the upgraded accelerator. There is good agreement between experimental and theoretical horizontal beam sizes at three different electron energies. #
Introduction
After the upgrade of the Synchrotron Ultraviolet Radiation Facility at NIST to SURF III [1] , it became necessary to study the accelerator performance in different operating conditions. This upgrade included the total replacement of the magnet system, refurbishment of the magnet power supply, improvements of the SURF vacuum chamber, a new RF transmitter, and the implementation of a software-based control system. The newly configured storage ring can operate at energies up to 361 MeV, limited currently by the available RF power. One of the most important parameters is the transverse size of the electron beam, which is directly related to basic accelerator parameters. A good example on how to measure transverse beam size was given by Andersson and Tagger [2] , who in a very detailed analysis explained the mechanism of using visible light to determine the beam size at MAX in Lund. Several other authors gave more general descriptions of diffraction and depth-of-field contributions in measuring electron beam sizes [3] [4] [5] [6] . It has further been shown that the two effects can be treated consistently, as a single phenomenon, within the frame of classical electrodynamics applied to the emission and focussing of SR [7, 8] . However, in this paper we will follow the simple model given in Ref. [2] .
The theoretical beam size can easily be calculated for a weak focusing machine like SURF and compared to the results from the measurements. The three parameters describing the SURF lattice completely are the magnetic field index, the orbit radius and the electron energy. The field index has been measured through magnetic field mapping [1] to be n ¼ ðÀr 0 =B 0 Þð@B=@rÞ r¼r 0 ¼ 0:594 AE 0:006. In a circular single-magnet machine, the radius of the electron orbit r 0 is determined by the RF frequency n RF ,
where h ¼ 2 is the harmonic number or number of electron bunches. bc is the relativistic speed of the electrons. The RF frequency at SURF III is n RF ¼ 113:847 MHz leading to a radius of the electron orbit r 0 ¼ 838:2 mm. The electron energy can be deduced from magnetic flux density measurements
using the already known radius or RF frequency. The vertical angular distribution of magnetobremsstrahlung or synchrotron radiation is important for the experimental and theoretical analysis, because it plays a central role both for depth-of-field and diffraction effects in beam size measurements. Wiedemann [9, 10] gives a good review on the origins and properties of synchrotron radiation in his books on accelerator physics. To a good approximation the vertical opening half-angle c typ depends only on the bending radius and the wavelength c typ ¼
, if l4l c (the critical wavelength). For SURF III at l ¼ 550 nm this value is 0.3098.
Theory
For a weak focusing storage ring like SURF III the horizontal electron beam size can be calculated using a few basic parameters. The horizontal beam size can be calculated using the following well-known equation [9] 
q the energy spread and Z x ¼ r 0 =1 À n the horizontal dispersion function. Substituting these expressions into Eq. (3) leads to a simple expression for the horizontal beam size at SURF:
with the quantum excitation constant [11] 
The horizontal beam size grows proportional to the energy, effectively limiting the energies accessible with a weak focusing accelerator because of the horizontal aperture determined by the vacuum chamber and RF cavity. The theoretical vertical beam size without coupling of the horizontal and vertical betatron motions is given by
independent of all operating parameters but the orbit radius and the field index. In reality, the vertical beam size is bigger, because of coupling effects and emittance growth due to rest gas scattering, where coupling is the dominant effect.
Experiment
The beam size measurements were performed at beamline 6 at SURF III. A spherical symmetric lens was used, as shown in Fig. 1 . If used with a narrow-band interference filter, a perfect spherical lens images almost without distortions if the object and image distance are the same. We used an interference filter with center wavelength l 0 ¼ 550 nm and transmission FWHM of Dl ¼ 10 nm. Within the bandwidth of this filter, the transmission was 50%. In addition, we employed various neutral density filters to control the incident intensity and polarization filters to select different polarization directions. Two different CCD cameras were used: A cooled scientific CCD with 12-bit resolution and later a simpler analog camera in conjunction with an eight-bit frame grabber. Following the simplified model given in Ref. [2] , two major contributions have to be considered in the analysis of the imaging results: depth-of-field and diffraction effects. Fig. 2 illustrates the coordinate system for the imaging setup used in our experiment. A spherical symmetric lens is positioned at a distance o from the source and an imaging detector is placed at the distance i from the lens (we used o ¼ i ¼ 1000 mm; conjugate ratio of 1). The horizontal aperture of the lens determines the source depth or length. The distance from the tangent point o and the horizontal half-slit widths x h determine the horizontal acceptance angle x ¼ 2 arctanðx h =oÞ. Fig. 3 shows the relationship between the horizontal acceptance angle x, the arc length l, chord a, and height h. Table 1 lists the properties of the imaging system for different horizontal slit sizes (the slit position is at the lens). When we use a fairly large horizontal aperture, the beam imaging is out of focus over a wide range. The imaging only works perfectly for the source position S (see Figs. 2 and 3 ). For the range from Àa=2 to a=2, the vertical angular divergence of the beam will distort the image. If we assume a contribution from the beam size and the vertical angular divergence of the emitted photons over the source depths, a simple approximation can be formulated for the vertical image cross-section
Depth of field
in which s y is vertical beam size (Gaussian value and to be precise the diffraction width of the image) and s c is the Gaussian width of the vertical angular spread. s c was deduced from a fit to calculated vertical profiles employing two Gaussians. The solid line in Fig. 4 is the calculated vertical angular spread for SURF III at l ¼ 550 nm, for the sum of parallel and perpendicular polarization. The longdashed line is the result of a fit consisting of two Gaussian profiles of equal width and the shortdashed lines are the individual Gaussians. The width parameter deduced from the fitting procedure was s 0 c ¼ 0:148 for each of the profiles. There is no closed analytical form for Eq. (7), so the results were found numerically.
The solid line in Fig. 5 is a measured vertical profile (both parallel and perpendicular polarization), which was collected at 330.7 MeV without a slit (horizontal opening x h ¼ 25:4 mm). The influence of the depth-of-field effect is apparent and the measured profile departs far from a Gaussian. The dashed line is the result of a calculation using Eq. (7) with s c ¼ 2 s 0 c and s y ¼ 21 mm. These parameters were adjusted to give the best result to the eye. The dashed-tripledotted curve is the Gaussian with s y ¼ 21 mm to illustrate the huge difference caused by depth-offield effects and the dashed-dotted line is the profile measured with x h ¼ 3:175 mm.
Diffraction effects
Diffraction limits the vertical image resolution considerably. Equations for diffraction by a rectangular slit can be found for example in Menzel's collection of formulas [12] . In Fig. 6 , the vertical diffraction of a point source is illustrated (solid line) and a Gaussian (dashed line) fit to the calculated profile to deduce the width. The aperture width on the lens is given horizontally by the slits width x h and vertically by the natural emission angle of the synchrotron radiation. The typical vertical emission angle is
(illustrated by the vertical lines in Fig. 4) , where a is the horizontal slit width, given by a ¼ 2x h , and b the vertical slit width, using Eq. (8) given by b % 2oc typ . Using this simple estimation of the diffraction effect one Fig. 2 . Definition for the data analysis in the beam imaging experiment. S, source point; r 0 , orbital radius; o, distance object lens; i, distance lens camera; x, horizontal acceptance angle given by the horizontal lens half-aperture x h ; c, natural vertical opening angle of the synchrotron radiation. Fig. 3 . Relationship between the horizontal acceptance angle x, the arc length l, chord a, and height h. can see that, without depth-of-field effects, the image of a point source would appear almost as a Gaussian profile with s D % 18 mm (a more detailed analysis can be found in Ref. [5] ). The real source image of an extended source is the convolution of the Gaussian source profile with the diffraction contribution. The convolution of two Gaussian profiles with widths s 1 and s 2 results in a Gaussian with
. Together with the depth-of-field analysis, we now developed the means to analyze our images.
Results
To determine the validity of the analysis, experiments were performed with wide vertical slits (x h ¼ 25:4 mm) and narrow slits (x h ¼ 3:175 mm).
Vertical beam size
The analysis done before allows us to deduce the vertical beam size from the distorted data. The curves in Fig. 5 were used to determine the vertical Table 1 Properties of the imaging system used at SURF's beamline 6. The radius of the electron orbit is r 0 ¼ 838:2 mm. The object and image distance are 1000 mm Horizontal half-slit widths x h (mm) 
Horizontal beam size
Diffraction effects are negligible for horizontal beam-size measurements, because of their small magnitude compared to the horizontal size. And if the small vertical slits are used, the depth-of-field contribution is negligible as well and we can easily determine the beam size. The two results from fits to the data with x h ¼ 25:4 and 3.175 mm are s H ¼ 1:048 and 1.036 mm, respectively. The second value is more accurate and leads to FWHM of 2.439 mm. With that the aspect ratio of the beam is about 76:1 at 330.7 MeV. In Table 2 , measured and calculated horizontal beam sizes are compared for three different energies. The agreement between theory and experiment is good.
Fuzz conditions
At low electron energies, the electron beam lifetime is dominated by Touschek scattering [9] . The Touschek lifetime is proportional to the electron bunch volume. For this reason, the vertical betatron oscillation is excited in SURF to extend the vertical dimension of the beam. At SURF, this is called applying fuzz [13] to the beam because it induces random vertical motion of the electrons. Beam-size results for three different fuzz conditions at 284.4 MeV electron energy are listed in Table 3 . In this case, we used a polarization filter to either select the strong horizontal (parallel to the electron orbit) or weaker vertical (perpendicular to the electron orbit) polarization components of the synchrotron radiation emitted at 550 nm. The resolving power of the optical system is best for the horizontal polarization, because of the smaller vertical angular spread [2] . In Fig. 7 , the horizontal (top) and vertical (bottom) polarization components are shown for a fully fuzzed beam (11.5 W fuzz power at 284.4 MeV).
Conclusions
The transverse electron beam size was determined for SURF III. The vertical full-width at half-maximum was determined to be 32 AE 4 mm at 330.7 MeV electron energy. This value is completely determined by the coupling between the horizontal and vertical betatron oscillations. A simple theoretical model to include depth-of-field and diffraction effects was successfully developed to deduce the vertical beam size. The horizontal beam size was determined for three electron energies and found to agree well with calculated values. Table 3 Experimental vertical and horizontal beam sizes depending on the fuzz power at 284.4 MeV electron energy, both measured using only the horizontal polarization component and the total unpolarized radiation. All values are full-width at half-maximum and not corrected for diffraction. The excitation of the vertical betatron oscillation mixes the perpendicular and parallel polarization components to some extend. Also not only random motion of the electrons is induced, but also coherent motion further distorting the imaging results. The uncertainties are standard deviations deduced from the fitting procedure 
